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(i) Answer all questions. (ii) B,(20) := {z € C: |z — 2| < r}. (iil) P (20) :={2 € C:0<
|z — 20| <71} (iv) Cr(20) :={2€C:|z—2]| =1}

Q1. (15 marks) Prove or disprove that:
(i) f(2) = |#| has a primitive in C.
(ii) there exists f € Hol(B;(0)) such that f(2) =0 for all n € N and f(z) # 0 for some z.
(iii) there exists f € Hol(B1(0)) such that |f(z)| = exp(|z|) for all z € By(0).

Q2. (15 marks) Let f € Hol(B1(0)) and f(0) = f/(0) = 0, and |f(2)] < 1 for all z € By(0).
Prove that |f”(0)| < 2. When can equality occur?

Q3. (15 marks) Let f € Hol(B.(0)) and |f(z)| < 1 for all z € B.(0). Determine the
cardinality of {z € B.(0) : f(2) = z}.

Q4. (15 marks) Let {a,}52, be a sequence of complex numbers and f € Hol(C \ {«,}2,).
Prove that f is a constant multiple of r, where r is a rational function and |f(z)| < |r(z)| for
all z € C\ {a,}52,.

Q5. (15 marks) Prove that the upper half plane and B;(0) are biholomorphically equivalent.
Q6. (15 marks) Use the residue theorem to compute the following integral
/ > dx
o T4

Q7. (15 marks) Let f € Hol(Py(2)) and Real f > 0 on Pj(zy). Prove that 2, is a removable
singularity of f.




